Some properties of polynomials associated with strong distribution functions are given, including conditions for the polynomials to satisfy a three term recurrence relation. Strong distributions that are extensions to the four classical distributions are given as examples.
Introduction
We consider distribution functions whose moments exist for positive and negative values. That is functions il/(t) which are bounded and non-decreasing in ( -00,00) and for which the moments n = \ are finite for n = 0, ±1, +2,.... Such functions have been described as strong distribution functions because they arise as solutions of strong moment problems (see [1, 2] ). The distribution is called symmetric if all the odd order moments are zero and is called a positive half distribution if all the points of increase are on the positive real axis.
The Hankel determinants are defined by The first of these latter results is because the columns of Hf* are linearly dependent if both j and k are odd. The second follows from the well known Jacobi identity
Polynomials related to strong distributions
Given a strong distribution function \p(t) we define the polynomials {Q n (z)}o by = y n for n^ 1, with Q 0 (z) = 1, and [x] denotes integer part of x.
In monic form the polynomials can be expressed as
and, further,
M-2n
Ti(-2n) "2n+l and clearly P tt (z) is a polynomial of degree n -1 with leading coefficient fi 0 . Strong positive half distributions and strong symmetric distributions belong to those distribution functions for which the following result holds.
Theorem. Let \ji(t) be a strong distribution function such that
The polynomials Q n (z) and P n (z) each satisfy the three term recurrence relations
for n^l with Q 0 (z) = l,Q 1 (z) = z -n 1 /fi Q , P o (z) = 0 and P l (z) = n o . The coefficients are given by
H^r'HV
Proof. First for the odd index, write
a polynomial of degree 2n at most, as #0 . In this case a 2n+1 can be given as in the theorem. With this choice of a 2n+1 the value of )3 2n+1 can be found by considering the integral equation
The expression for the even index is verified in a similar fashion by considering where B(z) is some polynomial of degree 2« -3 at most.
Having established the recurrence relations for the Q n (z), we then use the definition (2.2) of P n (z) to show that they also satisfy the relations.
•
The above recurrence relations indicate that the ratios P n (z)/Q n (z) are, for n = 1,2,3,..., the successive convergents of the continued fraction. In the limit as a-»0 and b->\ the distribution becomes the Tchebycheff distribution and so we may view it as an extension to this distribution. Further, since a>0, the function has finite moments of negative order and thus we refer to ip T {t) as a strong Tchebycheff distribution. We have the following result. The function f(z) has two values but only one of them is appropriate since F(z) must take one value only. We note that ImF(z)<0 whenever Im(z)>0, see [4] . Consequently and
Theorem. For the strong Tchebycheff distribution function if/iit) defined above the polynomials Q n {z) and P n (z) satisfy the three term recurrence relation (2.3) with a n and
The function F(z) can be written alternatively aŝ
a result given in Van Assche [5] . We can show that nl = n and hence
F(z)= J -! -# r ( 0 . (3.3) -o o Z '
Hence the continued fraction converges to the Stieltjes function of the strong Tchebycheff distribution. Using results given in [3] we can then show that the convergents P n (z)/Q n (z) of (3.1) satisfy (2.4) and (2.5) for this distribution. It is then easy to show that Q n (z) and P n (z) satisfy (2.1) and (2.2) respectively, see [2] . This completes the proof. We can express a and b in terms of y and A,
Also, by expanding the right hand side of (3.2) we see that the moments of ij/ T (t) satisfy for n^O, where <r i =(2;)!/0!) 2 .
2. The strong Legendre distribution. Next we consider = 0, again with 0 < a < b < oo.
The moments /i£ e ,n = 0, + 1 , + 2 , . . . of this distribution are easily found. As ip Le (t) is a symmetric distribution function the polynomials Q n (z) and P n (z) each satisfy (2.3). Numerical evidence suggests that Taking the even contraction leads, after some manipulation, to the well known expansion t a n " 1 x = -I 2 * A second result in support of (3.4) is the asymptotic behaviour of a n . From an analysis similar to that given in Van Assche [5] , of the three term recurrence relation (2.3), we find that
